Using first-principles calculations within the generalized gradient approximation ͑GGA͒ + U framework, we investigate several surface properties of olivine structure LiFePO 4 . Calculated surface energies and surface redox potentials are found to be very anisotropic. Low-energy surfaces are in the ͓1 0 0͔, ͓0 1 0͔, ͓0 1 1͔, ͓1 0 1͔, and ͓2 0 1͔ orientations of the orthorhombic structure. We find that the coordination loss of Fe atoms on the surface is energetically more unfavorable than for Li, and generally a low-energy surface has fewer Fe-O bonds affected by the surface cut. Conversely, undercoordinated Li on the surface are somehow beneficial to reduce the energy of a surface except for the twofold coordinated Li. With the calculated surface energies, we provide the thermodynamic equilibrium shape of the LiFePO 4 crystal through a Wulff construction. The two low-energy surfaces ͑0 1 0͒ and ͑2 0 1͒ dominate in the Wulff shape and make up almost 85% of the surface area. Similar calculations for FePO 4 indicate a very low energy for the ͑0 1 0͒ surface of FePO 4 . This result suggests that surface chemistry can induce a change in the aspect ratio of the Wulff shape. Surface redox potentials for the extraction and insertion of Li from various surfaces are also investigated in this work. The Li redox potential for the ͑0 1 0͒ surface is calculated to be 2.95 V, which is significantly lower than the bulk value of 3.55 V. For several other surfaces the Li extraction potential is above the bulk potential. We also develop a simple model that can be used to predict surface energies based on the change in the coordination of Fe and Li.
I. INTRODUCTION
LiFePO 4 has appeared as a promising cathode material for high-power rechargeable lithium-ion batteries, but much of its unusual phase behavior and transport properties remain to be understood. The orthorhombic olivine structure of LiFePO 4 has a space group of Pnma and is rather anisotropic in many of its properties. Maxisch et al. 1 calculated the elastic moduli for LiFePO 4 and the delithiated FePO 4 form of it, and found significant variations along the three orthorhombic directions. Due to the nature of the olivine crystal structure, the variation in the transport properties is even more significant. The ab initio study of Morgan et al. indicated that while Li + mobility is high in the tunnels along the ͓0 1 0͔ direction, Li + hopping between tunnels is very unlikely. 2 Similar conclusions were reached by Islam et al. using potential models. 3 Recently, transport measurements on single crystalline LiFePO 4 have also become available. 4 Early in the development of LiFePO 4 , it was thought that the material's charge/discharge rate was limited by electronic transport, leading to the development of doping 5 and carbon coating techniques [6] [7] [8] to improve the apparently low electronic conductivity of the material. It has also been suggested that the transport limitations can be overcome by using small particles. 6, 9 Recently, fairly good electrochemical performance has been achieved without the use of carbon coating by reducing particle size to about 140 nm. 10 However, given the anisotropic nature of the material, control of particle shape may be as important as average size control. This has stimulated research in new synthesis routes for LiFePO 4 . Starting with the pioneering work of Whittingham's group 11, 12 and more recently work by other research groups, [13] [14] [15] [16] well crystallized particles of LiFePO 4 can be formed via a hydrothermal approach. More interestingly, several studies reported platelet shape LiFePO 4 crystals in the hydrothermal synthesis. 11, 17 Electron microscopy studies by Richardson et al. 18 showed that the large facet of the platelike crystals is the ͑0 1 0͒ surface. Given the onedimensional Li diffusion path along the ͓0 1 0͔ direction, Richardson et al. 18 further suggested that the use of thin, unagglomerated particles with large ͑010͒ surface area would increase the active area and decrease the diffusion distances for Li ions. For a crystal in its thermodynamic equilibrium shape, the relative area of each facet on a particle depends on its surface energy. In the case of plate-type LiFePO 4 , a preference of the ͑0 1 0͒ facet on the crystal implies that the ͑0 1 0͒ surface is thermodynamically favored over other facets. The objective of this paper is to investigate the surface energy, structure, and redox potential of important facets.
First-principles investigations of surfaces and the calculations of surface energies are well-established for metal oxides. [19] [20] [21] [22] [23] Our studies start from stoichiometric surfaces of LiFePO 4 . Once the surface energies are calculated, the thermodynamic equilibrium shape of a crystal can be determined through the Wulff construction ͑explained in the next section͒. 24 For the thermodynamically stable facets in the Wulff shape, we further calculate the surface redox potentials as the average energy ͑per formula unit of Li͒ to extract ͑insert͒ Li from ͑into͒ the outermost layer of a given surface. We find somewhat surprisingly that on some surfaces the redox potential is above the bulk value, while on others it is below, indicating that Li extraction/insertion may occur in a nontrivial manner, inconsistent with a core-shell model of delithiation.
II. METHODOLOGY
All total energies in this work are calculated using the generalized gradient approximation ͑GGA͒ to the density functional theory ͑DFT͒. The projected augmented wave 25 ͑PAW͒ method is used, as implemented in the Vienna ab initio simulation package ͑VASP͒. 26 An energy cutoff of 400 eV and appropriate k-point meshes are chosen to ensure that the total energies are converged within 3 meV per formula unit of LiFePO 4 . Electron correlation within the d states significantly affects the electronic structure and energetic properties of transition metal oxides. [27] [28] [29] [30] [31] The GGA + U approach 32, 33 is used to accurately calculate the surface redox potentials and to guarantee that the excess holes or electrons are properly localized. For details about the implementation of the GGA+ U approach within a PAW framework, the readers can refer to the work of Bengone et al. 34 Quantitative results in the GGA+ U method are known to depend on the value of U and the choice of the expression for the double-counting term. The value of U depends on the valence state of the transition-metal ion and crystal environment. 28, 35 In this work, we choose a J value of 1 eV and a U value of 5.3 eV, which is the average of the selfconsistently calculated U values for Fe 2+ ͑U = 4.7 eV in LiFePO 4 ͒ and Fe 3+ ͑U = 5.9 eV for FePO 4 ͒. 28 We found the values of the surface energies to vary less than 3% as the U value decreases from 5.3 to 4.7 eV. The appropriateness of different double counting schemes has been discussed in Ref. 36 . While for moderately correlated system it is still not clear how to capture best the double counting energy, there is little ambiguity as to the appropriateness of GGA+ U for insulators with strong localization, 36 as is the case in Li x FePO 4 . We employ the "fully localized" double counting scheme as presented by Liechtenstein et al. 37 Previous GGA+ U calculations on LiFePO 4 indicate that this U parameter and double counting scheme provide for good agreement with experiment. The detailed discussions can be found in Refs. 27 and 28. A ferromagnetic high-spin Fe state is assumed. The bulk LiFePO 4 ͑FePO 4 ͒ is paramagnetic at room temperature 38 and the energetic effects of the magnetic ordering are small. 39 The lattice parameters of the relaxed bulk LiFePO 4 structure are a = 10.4363 Å, b = 6.0491 Å, c = 4.7546 Å, in good agreement with experiments.
38 Figure 1 shows the crystal structure of bulk LiFePO 4 after relaxation. The initial unrelaxed surface structures are carved out of the fully relaxed bulk crystal. In principle, a surface with a given Miller index can terminate anywhere along the direction of surface normal. However, in this study we only consider stoichiometric surfaces for the investigation of surface energies. Under this assumption, the candidate planes for surface terminations are limited. For example, to create a stoichiometric ͑1 0 0͒ surface, the possible termination planes are ͑0.5, y , z͒ and ͑0.25, y , z͒ ͑expressed in fractional coordinates for the unit cell setting in Fig. 1͒ . Other terminations in this orientation will create either a nonstoichiometric surface, or a surface that is equivalent to any of the two mentioned above. For atoms that lie on the cutting plane, the following principles have been additionally adopted.
͑1͒ The PO 4 tetrahedron is always preserved if the surface termination cuts through it, and a corrugated surface may be created. As shown in Fig. 1͑a͒ , the tentative termination plane ͑0.5, y , z͒ for the ͑1 0 0͒ surface would cut through the highly covalent P-O bonds and create a surface with the undercoordinated P being exposed on top of the surface. Our calculations suggest that such a surface has a very high surface energy. Thus, in practice a neighboring Fe atom is left undercoordinated in order to keep the PO 4 tetrahedron intact.
͑2͒ For an ionic or partially ionic crystal, it is known that a charged surface with a perpendicular dipole moment will induce a polarizing electric field throughout the crystal, resulting in a very large surface energy. 40 Hence, all the surfaces studied in this work are "type II" or "type III" surfaces according to the classification by Tasker, 40 with a vanishing dipole in the direction of the surface normal.
͑3͒ The ion coordination loss at the surface should be minimized. This rule is practically useful as various stoichiometric surface configurations can be created at the termination plane. The stable surfaces are expected to have low ion coordination loss.
The candidate planes for surface terminations can also be narrowed down by applying the third rule described above. For example, for the ͑0 1 0͒ surface, the cut at plane ͑x , 0.5, z͒ in Fig. 1͑b͒ would have two Fe-O bonds and three Li-O bonds cut per a ϫ c unit surface area. However, if the surface terminates at plane ͑x , 0.25, z͒ in Fig. 1͑b͒ , the coordination number loss would further increase to five Fe-O bonds and three Li-O bonds on the same surface area. Thus, a surface terminating at plane ͑x , 0.5, z͒ is expected to give a lower surface energy than the one at plane ͑x , 0.25, z͒. For several orientations it is not possible to predetermine which of the different surface configurations will be lower in energy. For example, surface ͑1 0 0͒ has one Fe-O bond and three Li-O bonds ͑per surface area of b ϫ c͒ broken if cut at plane ͑0.5, y , z͒ in Fig. 1͑a͒ . Conversely, it would have three broken Fe-O bonds and no broken Li-O bond on the same surface area if cleaving at plane ͑0.25, y , z͒ in Fig. 1͑a͒ . Therefore, multiple termination possibilities are calculated for those directions where possible. For each possible surface termination, the surface is then simulated using the slab technique, in which a set of infinite layers separated by vacuum layers are repeated periodically along the surface normal. We have chosen our slabs such that the two sides of it are symmetrically equivalent and can be mapped into each other by an inversion, mirror or glide type of symmetry operation in the middle of the slab. This is possible for LiFePO 4 due to the particular space group of P 2 1 / n 2 1 / m 2 1 / a ͑the full convention͒. In the olivine crystal structure, positions with inversion symmetry are 4a sites ͓͑0, 0, 0͒, ͑0.5, 0, 0.5͒, ͑0, 0.5, 0͒, ͑0.5, 0.5, 0.5͔͒ and 4b sites ͓͑0, 0, 0.5͒, ͑0.5, 0, 0͒, ͑0, 0.5, 0.5͒, ͑0.5, 0.5, 0͔͒. Moreover, there are mirror and glide symmetries perpendicular to the three principal axes of the orthorhombic unit cell. In Ref. 20 and Refs. [41] [42] [43] [44] [45] [46] [47] [48] [49] , where the slab model is employed to investigate surface properties with ab initio methods, readers can find more examples of using symmetry of underlying crystal structure to ensure that the stoichometric surfaces on each side of the slab give the same structure configuration and energy.
In our study, lattice parameters of the supercell ͑including slab and vacuum͒ are fixed and only atoms near the surface are allowed to relax until forces are smaller than 0.03 eV/ Å. The inner part of the slab is frozen at bulk positions to simulate the bulk of this material. The thicknesses of vacuum, slab and free relaxation layer are all varied to obtain a surface energy in the given direction converged to within 5% of the calculated value.
The equilibrium shape of a crystal is related to the surface energies through the Wulff construction. 24 A polar plot of the surface energy can be constructed by drawing along each crystallographic orientation n a vector whose norm equals the surface energy in this direction. A plane perpendicular to each vector is then drawn passing through the endpoint of the vector. The inner envelope of all these planes forms the Wulff construction and only planes that are part of the Wulff shape are thermodynamically stable.
III. RESULTS

A. Surface energies
Surface energies are calculated by taking the difference between the energy of our slab and the same amount of ͑Li͒FePO 4 formula units in the bulk, divided by the surface area of the slab ͑including both sides of the slab͒:
Here, E b is the total energy per formula unit of bulk LiFePO 4 . E s is the total energy of the given supercell containing n formula units of LiFePO 4 . S is the base area of the supercell. In this section, only the surface energies for the most stable configurations are reported. Surface energies for the high energy cuts are reported in the next section.
To test convergence, we examined how the calculated surface energies vary with respect to the thickness of the vacuum layer. A vacuum layer of 10 Å is found to be enough to remove any spurious interaction between the periodically repeated slabs in the direction of surface normal. We also investigated how the calculated surface energies vary with respect to the thickness of the slab and relaxation layer. Results from these convergence tests for each surface are provided in the next section together with a discussion on the surface relaxations.
The calculated surface energies for seven low-index surfaces are summarized in Table I . Among the seven low-index orientations, surface ͑0 1 0͒, ͑1 0 0͒, and ͑1 0 1͒ have the lowest energies. While it is not practical to study all highindex surfaces, several surfaces that potentially have low energies are studied in this work. Based on the calculated surface energies in low-index orientations and noting that surface ͑1 0 1͒ has the lowest energy among the nonprincipal directions, we also investigated the ͑2 0 1͒ and ͑3 0 1͒ surfaces, which are indeed calculated to be low energy surfaces. Although one can argue that other high-index surfaces may influence the thermodynamic stability of the nine surfaces studied here, as we discuss later, the crystal morphology is not significantly modified by including more high-index surfaces.
B. Surface relaxations
To investigate how the surface energy relates to the surface structure, we will show the relaxed surface structures in this section and provide the displacements of undercoordinated ions on the surfaces. Energetics for the high-energy terminations in each orientation are also provided.
The (1 0 0) surface
We find that the low-energy cut in this direction terminates at point ͑0, 0, 0͒ ͓a plane symmetrically equivalent to plane ͑0.5, y , z͒ in Fig. 1͑a͔͒ . A slab of 11.3 Å with a relaxation layer of 3.9 Å is sufficient to get a converged surface energy. The surface termination cuts through the LiO 6 octahedra and one vertex of the PO 4 tetrahedra. As mentioned in the methodology section, we keep the PO 4 tetrahedra intact because of the strong covalent P-O bonds, consequently, the nearby FeO 6 octahedra are cut instead. In the original unrelaxed structure, the Li ͑1͒ on the surface are threefold coordinated by oxygen, and fivefold coordinated Fe ͑1͒ are buried farther below the surface. The relaxed structure is shown in Fig. 2 and the detailed relaxations are provided in Table II . and O ͑1͒ Ј is about 2.9 Å, which is much larger than the average bond length of 1.85 Å for Li ͑1͒ -O ͑1͒ and Li ͑1͒ -O ͑2͒ bonds on the surface. Therefore, we consider the Li ͑1͒ to be twofold coordinated after the relaxations. The fivefold Fe ͑1͒ lies well beneath the surface and its relaxation is negligibly small. We also studied another possible surface cut in the ͑1 0 0͒ direction which terminates at point ͑0.25, 0, 0͒ ͓see plane ͑0.25, y , z͒ in Fig. 1͑a͔͒ . This surface cut leaves the threefold coordinated Fe atoms directly exposed on the surface, and is 
The (0 1 0) surface
The low-energy surface is found to terminate at point ͑0, 0, 0͒ ͓a plane equivalent to plane ͑x , 0.5, z͒ in Fig. 1͑b͔͒ with a surface energy calculated to be 0.64 J / m 2 , compared with the much higher value of 1.21 J / m 2 if the surface is terminated at point ͑0, 0.25, 0͒ ͓see plane ͑x , 0.25, z͒ in Fig.  1͑b͔͒ . A slab of 12.1 Å with a relaxation layer of 3.3 Å is sufficient to get a converged surface energy for the low energy termination. The low energy termination in this direction cuts through the LiO 6 octahedra but only cuts the top of the FeO 6 octahedra, leaving threefold Li and fivefold Fe exposed on the surface. The relaxed structure of the lowenergy termination is shown in Fig. 3 and the relaxations are provided in Table II . The threefold Li ͑1͒ is drawn toward one of three nearest-neighbor oxygen atom O ͑1͒ so that the length of the Li ͑1͒ -O ͑1͒ bond decreases from 2.227 Å to 2.027 Å after the relaxations. The length of the bond between the fivefold Fe ͑1͒ and twofold O ͑2͒ drops from 2.274 Å to 2.076 Å because of the displacement of O ͑2͒ in the direction of ͓−1 0 0͔. The distance between the fivefold Fe ͑2͒ and threefold O ͑1͒ is also reduced from 2.276 Å to 2.100 Å because of the displacement of Fe ͑2͒ in the direction of ͓0 0 1͔.
The (0 0 1) surface
In this direction, the low energy surface cut is found to terminate at point ͑0, 0, 0͒ and the surface energy is calculated to be 0.97 J / m 2 . Another possible cut terminates at point ͑0, 0, 0.25͒ but results in a slightly higher surface energy of 1.02 J / m 2 . For the low-energy termination, the relaxed structure is shown in Fig. 4 and the relaxations are given in Table II . A slab of 11.8 Å with a relaxation layer of 3.0 Å is used. The low energy termination cuts through the centers of FeO 6 octahedra and LiO 6 tetrahedra, so threefold Fe ͑1͒ and threefold Li ͑1͒ are exposed on the surface. The surface would also cut through the caps of the PO 4 tetrahedra, however, the P ͑1͒ tetrahedron is preserved by leaving the Fe and Li atoms in the layer immediately beneath undercoordinated. Therefore, the Fe ͑2͒ , Li ͑2͒ and Li ͑3͒ are all fivefold coordinated. The P ͑1͒ -O ͑1͒ bond sticks out in the direction of surface normal. Numbers for the ͑0 0 1͒ surface in Table II suggest that the dominating relaxations are the inward displacements of the Li ͑1͒ and Fe ͑1͒ .
The (0 1 1) surface
The low-energy surface cut is found to terminate at point ͑0, 0, 0͒ with a calculated surface energy of 0.76 J / m 2 . A slab of 7.5 Å with a relaxation layer of 2.5 Å is sufficient. Another possible cut terminates at point ͑0, 0.5, 0͒ but provides a much higher surface energy of 1.50 J / m 2 . For the low-energy termination, the relaxed structure is shown in Fig. 5 and the relaxations are given in Table II . We can see that the surface cut runs through the centers of FeO 6 tetrahedra and LiO 6 tetrahedra leaving the Fe ͑1͒ and Fe ͑2͒ fourfold coordinated and the Li ͑1͒ threefold coordinated on the surface. The surface plane also cuts a cap of another LiO 6 tetrahedron which is not on the outermost surface, so Li ͑2͒ and Li ͑3͒ are left fivefold coordinated near the top surface. Numbers for the ͑0 1 1͒ surface in Table II suggest that the threefold Li ͑1͒ undergoes a substantial displacement in the ͓1 0 0͔ direction. The distances between Li ͑1͒ and the nearestneighbor Fe atoms Fe ͑1͒ and Fe ͑2͒ are increased from 3.548 and 3.310 Å, to 4.431 and 5.214 Å, respectively. These in- creased separations between undercoordinated Li and Fe may be because the electrostatic repulsion between them is less effectively screened on the surface. There are substantial inward displacements for the threefold Fe ͑1͒ and Fe ͑2͒ . For the fivefold Li ͑2͒ , the displacement along the direction of ͓-1 0 0͔ increases the distance between Li ͑2͒ and O ͑7͒ from 2.228 to 2.617 Å. Therefore, we consider that the Li ͑2͒ is not bonded with O ͑7͒ any more after the relaxations and effectively becomes fourfold coordinated.
The (1 0 1) surface
We find that the low-energy cut for the ͑1 0 1͒ surface terminates at the point ͑0, 0, 0͒ with a calculated surface energy of 0.62 J / m 2 . A slab of 9.7 Å with a relaxation layer of 2.6 Å is sufficient. Another cut terminates at point ͑0, 0, 0.5͒ but provides a much higher energy of 1.35 J / m 2 . The relaxed structure of the low-energy termination is shown in Fig. 6 and the relaxations are given in Table II . The surface cuts through the Fe and Li octahedra, and leaves threefold Li ͑1͒ and Li ͑2͒ together with fivefold Fe ͑1͒ and fourfold Fe ͑2͒ on the surface. The dominating relaxations are the inward displacements of the threefold Li ͑1͒ , Li ͑2͒ , and the fourfold Fe ͑2͒ . The fivefold Fe ͑1͒ undergoes minor relaxations compared to other undercoordinated atoms on the surface.
The (1 1 0) surface
There are two possible cutting options for the ͑1 1 0͒ surface: one terminates at point ͑0, 0, 0͒ and the other terminates at point ͑0.5, 0, 0͒. Note that there is mirror symmetry located at ͑x ,1/4,z͒, and n glide symmetry perpendicular to the a axis located at ͑1/4, y , z͒. Points ͑x ,1−x , z͒ are therefore symmetrically equivalent to points ͑x , x −1/2,z͒ through mirror symmetry, and further equivalent to points ͑1/2−x , x , z +1/2͒ through the n glide symmetry. Hence, the two cuts actually provide the same surface structure. A slab of 10.5 Å with a relaxation layer of 3.2 Å is used. The relaxed structure of ͑1 1 0͒ surface is shown in Fig. 7 and the relaxations are given in Table II . The most significant relaxation is the displacement of fourfold Li ͑1͒ in the ͓1−1 0͔ direction. The distance between Li ͑1͒ and Fe ͑1͒ is increased from 3.309 to 5.068 Å after relaxation. This is again because of the strong electrostatic repulsion between Li ͑1͒ and Fe ͑1͒ .
The (1 1 1) surface
There are two types of cuts for the ͑1 1 1͒ surface, one terminates at point ͑0, 0, 0͒ and the other terminates at point ͑0.5, 0, 0͒. While the former termination cuts right through the centers of PO 4 tetrahedra and creates a rather corrugated surface in order to preserve the PO 4 tetrahedra, the latter termination cuts right through centers of the LiO 6 and FeO 6 octahedra and creates a relatively flat surface. The surface energies are calculated to be 0.91 J / m 2 for the former termination and 0.85 J / m 2 for the latter one. The low-energy cut is shown in Fig. 8 and the relaxations are given in Table II . A slab of 11.5 Å with a relaxation layer of 3.2 Å is used. Most atoms on the surface undergo inward displacements except for the P ͑1͒ atom.
The (2 0 1) surface
We find that the low-energy cut for the ͑2 0 1͒ surface terminates at the point ͑0, 0, 0͒ ͓also across the symmetrically equivalent point ͑0.5, 0, 0͔͒ with a calculated surface energy of 0.52 J / m 2 . This is the lowest value of the surface energies we found. To obtain a converged number, a slab of 10.9 Å with a relaxation layer of 3.2 Å is used. Another possible cut terminates at point ͑0, 0, 0.5͒ ͓also across point ͑0.5, 0, 0.5͔͒ but results in more coordination loss on the surface, and provides a higher surface energy of 1.17 J / m 2 . The relaxed structure for the former termination is shown in Fig. 9 and the relaxations are given in Table II . This surface cut leaves threefold Li ͑1͒ , fourfold Fe ͑1͒ , fivefold Fe ͑2͒ and Fe ͑3͒ exposed on the surface. The threefold Li ͑1͒ is drawn toward O ͑3͒ and O ͑4͒ in the direction of ͓1 0 −2͔. Li ͑2͒ and Li ͑3͒ also move in the direction of ͓1 0 −2͔, resulting in an increase of the mean distance for Li ͑2͒ -O ͑5͒ and Li ͑3͒ -O ͑6͒ from 2.23 to 2.33 Å, which is somewhat larger than the average Li-O bond length of 2.13 Å on this surface.
The (3 0 1) surface
The low energy cut is found to terminate at point ͑0.5, 0, 0͒ ͓also across the symmetrically equivalent point ͑0, 0, 0.5͔͒. We find that in the unit cell we have chosen ͑with a surface area of about 107 Å 2 ͒, five Fe-O bonds and six Li-O bonds are influenced by this termination. Another possible cut terminates at point ͑0, 0, 0͒ ͓also across point ͑0.5, 0, 0.5͔͒ but creates a higher coordination number loss, that is, nine Fe-O bonds and six Li-O bonds are affected on the same surface area. We expect the latter termination to give higher surface energy considering the high coordination number loss for Fe on that surface. For the low-energy cut, a slab of 10.3 Å with a relaxation layer of 3.8 Å is used. The relaxed structure is shown in Fig. 10 and the relaxations are given in Table II . The surface cut is rather flat except for one PO 4 tetrahedron sticking out from the surface. There are three fivefold Fe and one fourfold Fe exposed on the surface. The termination also creates fourfold Li ͑1͒ and Li ͑2͒ together with fivefold Li ͑3͒ and Li ͑4͒ . We find that the P ͑1͒ -O ͑1͒ bond is tilted in the direction of ͓1 0 −3͔. Similar to the surface ͑2 0 1͒, both Li ͑3͒ and Li ͑4͒ undergo displacements in the directions of ͓1 0 −3͔. The average distance between Li ͑3͒ ͑or Li ͑4͒ ͒ and O ͑9͒ ͑or O ͑10͒ for Li ͑4͒ ͒ is increased to 2.556 Å, which again is considerably larger than the average bond length of 2.116 Å for the Li-O bonds on this surface. Therefore, we consider the Li ͑3͒ and Li ͑4͒ to be fourfold coordinated after relaxation.
C. A model for the surface energy in terms of coordination loss
Surface energy can be attributed to the energy required to break bonds when a surface is created. In order to better understand how the structure of a surface relates to its energy, we build a simple model to capture the effect of coordination loss on the surface energy. We express the surface energy in terms of the multiplicities by which various coordinations are created for Fe and Li after surface termination and relaxation
In Eq. ͑2͒ f i ͑or l j ͒ specifies the energy difference between i-fold Fe ͑or j-fold Li͒ and sixfold Fe ͑or Li͒ in the bulk, in eV per formula unit. Labels m i ͑or n j ͒ are the numbers of i-fold Fe ͑or j-fold Li͒ created per unit area on the surface. Index "i" counts from 3 because the least coordinated Fe on the surface is still bonded with three O atoms. Index "j" starts from 2 because twofold Li is found on the relaxed ͑1 0 0͒ surface. "A" is the matrix form of m i and n j , and "X" is the array form of f i and l j . Table II provides numbers of  coordination loss for Fe and Li on various surfaces and Table  I provides surface energies for different orientations. In practice, the coefficients f i and l j are found by a least-squares approximate solution X to Eq. ͑2͒ obtained through a QR factorization of matrix A. 50 The resulting energy parameters X are summarized in Table III . We can see that the energy required for the formation of a surface Fe ion approximately scales with the degree of undercoordination. Hence, the more Fe is left undercoordinated the more it will contribute to the increase in surface energy. A very different trend is obtained for Li. The loss of coordination for Li on the surface can actually lower the energy of the system compared to the octahedral Li coordination in the bulk. In fact creation of fivefold coordinated Li has a very significant negative energy contribution to the surface energy. Only for the twofold coordinated Li is the effect on the surface energy positive. As we discuss later, these results for Li may be a reflection of the fact that Li + in bulk is more stable in lower coordinated tetrahedral sites than in octahedral sites.
Using the parameters in Table III , we can evaluate the surface energies again with the fitting equation ͑2͒. We have compared the surface energies ␥Ј obtained through the fitting model and the values ␥ directly calculated with our ab initio methods. The relative differences between ␥ and ␥Ј ͑defined as ␥Ј−␥ ␥ ͒ are found to be less than 10% except for two surfaces. The energy of the ͑0 1 1͒ surface is underestimated by about 10.5% using the fitting model, and the surface energy in the direction of ͓2 0 1͔ is overestimated by about 10.4%. Given the computational error of 5% that we estimated in the calculations of surface energies, we believe that the fitting model gives reasonable estimations of the surface energies in various orientations, and it can replicate the energy preferences for most of the surfaces we studied. More importantly, the parameters in Table II make it possible to estimate the surface energy of other surfaces.
D. Wulff construction
The Wulff shape for LiFePO 4 based on the surface energies in Table I is shown in Fig. 11 . A grey scale ͑color online͒ scheme is used whereby lighter surfaces indicate lower surface energy. Only five of the nine surfaces that we have studied appear in the constructed Wulff shape. The other four are not stable against combinations of the five low-energy facets. High-energy surfaces, such as the ͑0 0 1͒ and ͑1 1 0͒ surface, are completely replaced with facets of low energy surfaces. Surface ͑3 0 1͒ is calculated to be of low energy but is still not stable with respect to the formation of faceting by ͑2 0 1͒ and ͑1 0 0͒ surfaces. Generally, the lower in energy a surface is, the more area the facet contributes to the Wulff shape. The two low-energy surfaces, the ͑0 1 0͒ and ͑2 0 1͒ facets, dominate in the equilibrium shape and contribute up to about 85% of the total surface area in Fig. 11 . The Wulff shape is slightly capped by the ͑1 0 0͒ surface and truncated by the ͑1 0 1͒ surface in the ͓0 0 1͔ direction.
A more complete Wulff construction would require energetic information of other high-index surfaces, which are computationally challenging with the DFT methods. However, using the fitted parameters in Table III and the coordination number loss for a given surface, we can explore the possible existence of low energy surface in other highindex orientations. Among the twelve high-index directions ͓͑0 1 2͔, ͓0 1 3͔, ͓0 2 1͔, ͓0 3 1͔, ͓1 0 2͔, ͓1 0 3͔, ͓1 2 0͔, ͓1 3 0͔, ͓2 1 0͔, ͓3 1 0͔, ͓4 0 1͔ and ͓5 0 1͔͒ that we further studied, three surfaces are moderately low in energy, with the surface energy estimated to be about 0.71, 0.78, and 0.75 J / m 2 , respectively for surface ͑0 1 3͒, ͑1 0 2͒, and ͑1 2 0͒. These high-index surfaces, when additionally included into the Wulff construction, only slightly change the Wulff shape shown in Fig. 11 . A tiny ͑0 1 3͒ facet will replace the vertex shared by the facets ͑0 1 1͒, ͑1 0 1͒, and ͑−1 0 1͒, and the ͑1 2 0͒ facet is expected to truncate the edge shared by the ͑0 1 0͒ and ͑1 0 0͒ facets. The total areas of the ͑0 1 3͒ and ͑1 2 0͒ facets contribute less than 6% of the Wulff shape, while all other high-index surfaces are less likely to appear. Therefore, the overall morphology of Wulff shape in Fig. 11 is preserved.
Notice that our Wulff shape gives an aspect ratio of about one. The particles obtained through a hydrothermal synthesis have aspect ratios that range from 3 ͑Refs. 12 and 17͒ to 10. 18 We suspect that surface chemistry in solution can induce a change in the aspect ratio by modifying the surface energies. One indication we have for this argument is that surface energies of FePO 4 ͑as summarized in Table IV͒ are quite different from the numbers ͑given in Table I͒ for LiFePO 4 in some directions. While the surface energies of FePO 4 in the ͓1 0 1͔ and ͓2 0 1͔ directions are mildly changed compared to those of LiFePO 4 , a considerably lower surface energy is found in the ͓0 1 0͔ orientation of FePO 4 , suggesting the thickness of the Wulff shape in the ͓0 1 0͔ direction can be further reduced if a FePO 4 layer is formed at the ͑0 1 0͒ surface. Moreover, the ͑1 0 0͒ and ͑0 1 1͒ surfaces of FePO 4 are calculated to be high in energy and their appearances are thermodynamically inhibited. Overall, more area of the ͑0 1 0͒ facet will be exposed in the Wulff shape of FePO 4 .
E. Surface redox potentials
It is interesting to compare the redox potentials to extract Li from various surfaces. The delithiation of a given surface of LiFePO 4 can be expressed by
Here, an amount m of Li is extracted from the surface of a slab with n units of LiFePO 4 . The average redox potential for this delithiation process on the surface can be calculated as
where G is the Gibbs free energy of the slab and ‫ؠ‬ ͑Li͒ is the anode reference chemical potential for Li. Typically, the Gibbs free energy can be replaced by the ground-state energy. 51 In this study, we calculate the Li redox potentials only for the five surfaces that appear in our Wulff shape. In practice, all the Li atoms on the top ͑and also symmetrically equivalent Li atoms on the bottom͒ outermost layer of each slab are extracted: that is, Li ͑1͒ and Li ͑2͒ ͑see Fig. 6͒ for the ͑1 0 1͒ surface, and Li ͑1͒ ͑see Figs. 2, 3, 5, and 9͒ for the other four surfaces. Therefore, the calculated surface redox potentials should be interpreted as the average redox potentials to extract/insert Li from/into the outermost layer of a given surface. The results ͑see Table V͒ show that the redox potentials for different surfaces range from 2.95 to 3.84 V, compared with the calculated Li insertion/deinsertion redox potential of 3.55 V in the bulk. Among these five surfaces, the ͑0 1 0͒ direction has the lowest potential, indicating the energetic preference of extracting Li from this surface.
IV. DISCUSSIONS
The surfaces we have investigated cut through LiO 6 and FeO 6 tetrahedra, leaving undercoordinated Li and Fe exposed on the surfaces. The energy of a surface can be lowered by increasing the bonding strength between the undercoordinated cations and nearby O atoms. Typically, this bond strengthening is observed as a shortened bond length after surface relaxation on most surfaces we studied. The undercoordinated Li atoms are most likely to undergo large inplane displacements on the surface. The coordination of Li ͑1͒ ͑see Fig. 2͒ on the ͑1 0 0͒ surface is reduced from three to two, and the fivefold coordinated Li ͑2͒ ͑see Fig. 5͒ on the ͑0 1 1͒ surface becomes fourfold coordinated after the relaxation. An extra Li-O bond is formed on the ͑1 1 0͒ surface and increases the coordination of one Li ͑Li ͑1͒ in Fig. 7͒ from 3 to 4. In contrast, the undercoordinated Fe atoms usually lower their energies by inward displacements towards the bulk.
Our simple model developed to fit the surface energy in terms of coordination changes of Li and Fe shows that coordination loss is energetically more unfavorable for Fe atoms than it is for Li. Therefore, a low-energy surface generally has fewer Fe-O bonds affected by the surface cut. This statement is verified by comparing the coordination change per area for different surfaces. For example, the low-energy ͑0 1 0͒ surface has a Fe coordination number loss of about 4.0 bonds per nm 2 , compared with a value of about 6.3 bonds per nm 2 for the high energy ͑0 0 1͒ surface. The surfaces that leave threefold coordinated Fe exposed ͓e.g., the ͑0 0 1͒ and ͑1 1 0͒ surfaces͔ are calculated to be high-energy surfaces. The coordination based energy expansion in Eq. ͑2͒ also allows us to deduce from the ab initio computations that the energy to create undercoordinated Fe on the surface approximately scales with its degree of undercoordination. The displacements for Fe on the surface are generally small, so that the energy of a surface cannot be effectively lowered by the local relaxations of the undercoordinated Fe atoms. Conversely, the undercoordinated Li can lower the energy of a surface by more freely relaxing. This is partially reflected in our fitting model where the undercoordinated Li atoms contribute quite differently from the Fe to the surface energies. Undercoordinated Li atoms on the surface are somehow beneficial to reduce the energy of the surface cut, and the fivefold Li is found to be the lowest-energy configuration on the surface. This may be a reflection of the general fact that the potential to extract Li from tetrahedral sites is higher than for octahedral sites in bulk materials, as can be observed by comparing Li voltages for spinels and layered oxides with the same active redox couple. 52 Therefore, it is not surprising to see that undercoordinated Li has a negative energy contribution to the surface energy in our model. All else being equal, sixfold is not the preferred coordination for Li. The importance of our fitting model for the surfaces of LiFePO 4 also lies in its ability to predict the energetics of high-index surfaces, which are computationally challenging in DFT. As a test, the surface energy in the high-index ͓4 0 1͔ orientation is calculated using both our fitting model and ab initio methods. For the unrelaxed ͑4 0 1͒ surface ͑with a base area of 131 A 2 ͒, there are two threefold Fe ions, one fourfold Fe ion, and two fivefold Fe ions, together with one threefold Li ion and two fivefold Li ions. Applying the fitted parameters given in Table III , we predict the surface energy in the ͓4 0 1͔ direction to be 1.29 J / m 2 , which is in good agreement with the value of 1.15 J / m 2 calculated using the direct ab initio approach, even though the latter value was not used in the fit.
It is likely that the Wulff shape will vary somewhat with chemical environment. Our calculations are for stoichiometric surfaces at zero K. In particular, environments that cause partial oxidation of the surface could modify the Wulff shape of the crystal. A hint of this can be observed by comparing the surface energies of FePO 4 ͑Table IV͒ with those of LiFePO 4 ͑Table I͒. For FePO 4 the ratio of the ͑0 1 0͒ surface energy to the surface energy of any of the facets perpendicular to it ͓e.g., ͑2 0 1͒ surface͔ is much smaller than for LiFePO 4 , indicating a more extreme aspect ratio for the Wulff shape of FePO 4 with a larger contribution of the ͑0 1 0͒ facet to total surface area. Note that oxidation ͑Li removal͒ does not occur at the same potential for all surfaces, creating the possibility that under some conditions several surfaces would be lithiated while others might be free of Li. In addition, given the importance of oxygen coordination of the exposed cations for the surface energy, the adsorption of O-containing species ͑e.g., OH − and H 2 O͒ is likely to affect the surface energy in aqueous environments such as hydrothermal synthesis. Finally, we believe that our calculations of surface redox potentials can provide insights into the possible Li insertion/ deinsertion mechanisms, particularly for materials with small particle size, where surface effects on the lithiation thermodynamics are expected to be significant. The Li redox potential for the ͑0 1 0͒ surface is 2.95 V, significantly lower than the calculated bulk value of 3.55 V. Spin density integrations for the delithiated ͑0 1 0͒ surface further confirm that the hole ͑Fe 3+ ͒ created when the threefold Li ͑Li ͑1͒ in Fig. 3͒ is extracted from the surface locates at the fivefold Fe ͑Fe ͑2͒ in Fig. 3͒ . On the ͑0 1 0͒ surface the threefold Li shares edges with both the PO 4 tetrahedron and the capped FeO 6 octrahedron ͑Fe ͑2͒ in Fig. 3͒ . The edge-sharing between the threefold Li and fivefold Fe further increases the energy of the threefold Li, and contributes to the decrease in the redox potential for the ͑0 1 0͒ surface. We performed similar redox potential calculations for the insertion of Li on the ͑0 1 0͒ surface of FePO 4 and found it to be 2.95 V. Hence, we expect that for a well-faceted LiFePO 4 particle, Li will be first extracted from the ͑0 1 0͒ surface upon charging and inserted last upon discharging. Furthermore, the same energetic considerations suggest that in the discharging process, any Li on the ͑0 1 0͒ surface would move deeper into the bulk where its potential ͑energy͒ is higher ͑lower͒. Such a mechanism may be beneficial for rapid discharge as the ͑0 1 0͒ direction is the only direction along which Li can propagate into the bulk. 2 Hence, any clearing of the surface upon charge and discharge should facilitate Li motion across the surface layer.
Interestingly, the redox potential is not below the bulk value for all surfaces. For three of the five surfaces in the Wulff shape, the stronger Li binding caused by the undercoordination does lead to a higher potential ͑Table V͒ than the bulk, and hence the intuitive idea that ions at surfaces are less strongly bound may have to be abandoned. These surfaces will be lithiated for most of the charge/discharge cycle and may therefore form an obstacle to rapid Li insertion/ extraction from the particle.
Our results reveal the importance of controlling not only the size of LiFePO 4 but also the morphology. Given the highly anisotropic nature of this material, maximizing the exposure of some surfaces over others may be very beneficial for optimal rate capability.
